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We develop approximation methods in the hybrid quantization of the Gowdy
model with linear polarization and a massless scalar field, for the case of three-
torus spatial topology. The loop quantization of the homogeneous gravitational
sector of the Gowdy model (according to the improved dynamics prescription) and
the presence of inhomogeneities lead to a very complicated Hamiltonian constraint.
Therefore, the extraction of physical results calls for the introduction of well justi-
fied approximations. We first show how to approximate the homogeneous part of the
Hamiltonian constraint, corresponding to Bianchi I geometries, as if it described a
Friedmann–Robertson–Walker (FRW) model corrected with anisotropies. This ap-
proximation is valid in the sector of high energies of the FRW geometry (concerning
its contribution to the constraint) and for anisotropy profiles that are sufficiently
smooth. In addition, for certain families of states related to regimes of physical in-
terest, with negligible quantum effects of the anisotropies and small inhomogeneities,
one can approximate the Hamiltonian constraint of the inhomogeneous system by
that of an FRW geometry with a relatively simple matter content, and then obtain
its solutions.
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2I. INTRODUCTION
One of the main challenges of modern physics is to construct a theory for Quantum Grav-
ity, and in particular a theory for Quantum Cosmology. Indeed, General Relativity breaks
down in the very initial instants of the history of the universe, leading to a cosmological big
bang singularity [1]. In that regime, quantum geometry effects are expected to be important
and should be taken into account.
Loop Quantum Cosmology (LQC) [2–5] is a promising quantum approach for cosmological
systems inspired by the ideas and methods of Loop Quantum Gravity [6–8]. It has been ap-
plied mainly to—homogeneous and isotropic—Friedmann-Robertson-Walker (FRW) models
with successful results [9–19]. Remarkably, it predicts a quantum bounce mechanism that
eludes the initial big bang singularity [9]. To deal with more complicated systems, and to
test the robustness of the results, LQC has also been applied to anisotropic models [20–25],
as well as to inhomogeneous ones. The best studied inhomogeneous system is the vacuum
T 3 Gowdy model with linear polarization. This is a midisuperspace with three-torus spatial
topology that contains inhomogeneities (corresponding to gravitational waves) varying in a
single direction [26]. The quantization of this model has been carried out adopting a hybrid
approach, which combines techniques of LQC when representing the homogeneous sector of
the model with a Fock quantization of the inhomogeneities [27–30].
More realistic analyses call for the introduction of matter. In this paper, we will consider
the T 3 Gowdy model minimally coupled to a massless scalar field with the same symmetries
as the spacetime metric. This is probably the simplest inhomogeneous model which contains
FRW cosmologies as a subset of homogeneous solutions (which otherwise are not present
in the model: in vacuo, the only homogeneous and isotropic solution is flat space-time).
Actually, this Gowdy model can be regarded as an FRW background of three-torus spatial
topology with anisotropies and (gravitational and matter) inhomogeneities propagating on
it. Though this scenario is not yet completely realistic, because the inhomogeneities vary
along a single spatial direction, it provides a further step towards the quantum analysis of
physical inhomogeneities in cosmology.
Owing to the isometries of the Gowdy model, the system admits a family of solutions with
local rotational symmetry (LRS), in which the two scale factors of the directions of symme-
try coincide. In order to simplify our analysis, we will focus on this type of solutions. The
hybrid quantization of this LRS-Gowdy model was already described in Ref. [31]. The aim
of the present work is to introduce well justified approximations to the quantum constraint
of that model, keeping under control the conditions for which the approximations are valid,
and then pass to consider regimes of physical interest where one can construct approximate
solutions. Owing to the LQC techniques employed to represent the degrees of freedom of
the homogeneous geometry, the Hamiltonian constraint of the quantum model is a quite
complicated operator. Therefore, finding exact solutions to it is extremely difficult, if not
impossible. The constraint contains mainly two types of terms which pose serious obstruc-
tions for its resolution. First, it includes a difference operator that couples the homogeneous
and isotropic part of the background geometry with the anisotropies (we will call this the
anisotropy term). Second, there appears an interaction term for the inhomogeneities (which
is also coupled to the homogeneous and isotropic background and to the anisotropies). The
anisotropy term has an intricate action. Our strategy will be to approximate it by another
operator that, while retaining the discreteness and the main properties of the loop quantiza-
tion, has a simpler action on the anisotropies, so that one can carry out its spectral analysis.
3Our approximation will be valid for states in the sector of high energies of the homogeneous
and isotropic part of the background geometry1, and with a suitably smooth profile for the
anisotropies. Moreover, once this approximation is made, we will be able to find sets of
states for which not only the contribution of this anisotropy term is negligible, but also the
interaction term in the inhomogeneities can be disregarded. In this way, we will get a well
justified approximation of the Hamiltonian constraint by a solvable one. From the solutions
of this latter constraint, we will be able to construct approximate solutions for the Gowdy
model.
These approximate solutions retain the interaction between the homogeneous and
isotropic FRW background and the free energy of the inhomogeneities. Therefore these
solutions are suitable, e.g., to conduct investigations about the robustness of the quantum
bounce scenario of LQC when inhomogeneities are included, or about modifications in the
evolution of the matter inhomogeneities when quantum geometry effects are taken into
account. We leave for future work the analysis of those questions.
The organization of the paper is as follows. In Sec. II we summarize the main results
of the hybrid quantization of the T 3 Gowdy model with LRS and minimally coupled to a
massless scalar field. In Sec. III we introduce the approximations that are needed to go
from the quantum Hamiltonian constraint of the Gowdy model to a solvable one in which
the anisotropy term and the interaction term are not present. This includes approximating
the Hamiltonian constraint of the Bianchi I homogeneous model (when no inhomogeneities
are considered in the system) by the constraint of a homogeneous and isotropic FRW model
corrected with some anisotropy contributions. The section contains some technical consid-
erations about our approximations for the anisotropy term and the class of states for which
they are valid. Then, in Sec. IV we construct approximate solutions for the Gowdy model.
In Sec. V we conclude and present the main results of this work.
II. HYBRID QUANTIZATION OF THE GOWDY MODEL
We consider the linearly polarized T 3 Gowdy model with LRS and minimally coupled to a
free massless scalar field Φ with the same symmetries as the metric. The hybrid quantization
of this model has already been carried out by the authors in Ref. [31], by extending to the
case with matter the hybrid quantization of the model in vacuo [27–30]. In this section, we
summarize the main steps of this quantization. We refer to Refs. [27–31] for further details.
We call {θ, σ, δ} the three orthogonal spatial coordinates for the Gowdy spacetimes, each
of them defined on the circle. Because of the symmetries, matter and gravitational fields
have spatial dependence only in e.g. θ, so that they can be expanded in Fourier modes in this
coordinate. Our starting point is the reduced classical system that results after a partial
gauge fixing. The resulting reduced phase space consists in a homogeneous sector which
coincides with the phase space of the Bianchi I model with LRS and minimally coupled to
a homogeneous massless scalar φ (the zero mode of the matter field Φ in the introduced
Fourier expansion), and in an inhomogeneous sector formed by the non-zero modes of the
linearly polarized gravitational wave and of the matter field, together with their canonically
conjugate momenta. This reduced model is subject to two global constraints: a momentum
constraint generating rigid rotations in θ and a Hamiltonian constraint that generates time
1 By “high energy” we mean large (eigen)values of the operator which provides the considered contribution
to the quantum (densitized) Hamiltonian constraint.
4reparametrizations. Our hybrid approach consists in adopting a Fock quantization for both
the gravitational and matter inhomogeneities, a standard Schro¨dinger representation for the
homogeneous massless scalar field φ, and a loop quantization within the improved dynamics
scheme for the Bianchi I variables [24].
Let us first focus on the representation of the Bianchi I phase space.
A. Loop quantization of the Bianchi I model
In the loop approach the phase space of this model is described by the three non-vanishing
components (in a diagonal gauge) of the corresponding SU(2) Ashtekar-Barbero connection,
(cθ, cσ, cδ), and by the three non-vanishing components of the densitized triad, (pθ, pσ, pδ).
For the model with LRS under consideration we have to impose the restrictions cσ = cδ ≡ c⊥
and pσ = pδ ≡ p⊥. These variables have non-vanishing Poisson brackets {cθ, pθ} = 8piGγ
and {c⊥, p⊥} = 4piGγ. Here γ denotes the Immirzi parameter and G the Newton constant.
In these variables the Hamiltonian constraint of the LRS Bianchi I model coupled to φ reads
CBI = − 1
8piGγ2
[
2cθpθc⊥p⊥ + (c⊥p⊥)
2
]
+
p2φ
2
, (2.1)
where pφ stands for the momentum canonically conjugate to φ.
The improved dynamics scheme accounts for the existence of a minimum non-vanishing
eigenvalue ∆ of the area operator in LQG. This scheme involves first the introduction of the
following variables [24]
λθ =
√|pθ|sign(pθ)
(4piG~γ
√
∆)1/3
, bθ =
√
∆|pθ|
p⊥
cθ ≡ µ¯θcθ,
v =
√|pθ|p⊥sign(pθ)
2piG~γ
√
∆
, b =
√
∆
|pθ|sign(pθ)c⊥ ≡ µ¯⊥c⊥. (2.2)
We note that v is proportional to the physical volume of the Bianchi I universe (which has
compact T 3 topology), with a sign that indicates the orientation of the triad, while λθ can
be used to measure the anisotropy. On the other hand, in the case of complete isotropy,
when all directions present an equivalent behavior and, in particular, pθ equals p⊥, one can
easily check from the above formulas that λθ = (v/2)
1/3. This remark will be important to
understand the physical interpretation of our approximations later on in this work.
We also note that the variables (2.2) do not form a canonical set (not even a set closed
under Poisson brackets), since we get the following Poisson algebra
{b, v} = 2
~
, {bθ, λθ} = 2
~
λθ
v
, {λθ, v} = 0,
{bθ, v} = 2
~
, {bθ, b} = 2
v
(bθ − b), {λθ, b} = 0. (2.3)
In the loop quantization of the model, one “polymerizes” the connection, what means that
its components cθ and c⊥ have no well-defined operator in the quantum theory. Instead, one
considers their holonomies along straight edges whose fiducial length is chosen according
to the improved dynamics scheme. These holonomies can be described in terms of e±ibθ
5and e±ib. The geometry degrees of freedom of the model are represented as operators on a
kinematical Hilbert space that can be constructed as the completion of the linear span of
the basis of eigenstates |v, λθ〉 ≡ |v〉 ⊗ |λθ〉 of the triad variables defined in Eq. (2.2), where
the labels v, λθ ∈ R. The completion is made with respect to the discrete inner product
〈v′, λ′θ|v, λθ〉 = δv′,vδλ′θ,λθ . The corresponding operators vˆ and λˆθ act by multiplication on
the elements of this basis:
vˆ|v, λθ〉 = v|v, λθ〉, λˆθ|v, λθ〉 = λθ|v, λθ〉. (2.4)
Clearly, they have a discrete spectrum that runs over the whole real line, since all the
considered eigenstates have unit norm with the introduced inner product. On the other
hand, the holonomy operators cause the following shifts
ê±ib|v, λθ〉 = |v ± 2, λθ〉, ê±ibθ |v, λθ〉 =
∣∣∣∣v ± 2, λθ ± 2λθv
〉
, (2.5)
as one can deduce from the canonical commutation relations [ê±iba , v̂] = i~ ̂{e±iba , v} and
[ê±iba , λ̂θ] = i~ ̂{e±iba , λθ}, where ba stands both for bθ and b.
As a result of the loop representation, the classical expressions cθpθ and c⊥p⊥ get promoted
respectively in the quantum theory to the operators [24]
: ̂sin(µ¯θcθ)
[̂
pθ
µ¯θ
]
: = 2piG~γ : ̂v sin(bθ) : , : ̂sin(µ¯⊥c⊥)
[̂
p⊥
µ¯⊥
]
: = 2piG~γ : v̂ sin(b) : , (2.6)
where the double dots denote a geometric symmetrization in the factor ordering. More
specifically, we choose an ordering analog to that proposed in Refs. [16, 21]:
2 : v̂ sin(b) : ≡ Ωˆ =
√
|vˆ|
[
ŝign(v)ŝin(b) + ŝin(b)ŝign(v)
]√
|vˆ|, (2.7)
2 : ̂v sin(bθ) : ≡ Θˆθ =
√
|vˆ|
[
ŝign(v)ŝin(bθ) + ŝin(bθ)ŝign(v)
]√
|vˆ|. (2.8)
The operator Ωˆ2 is not other but the gravitational part of the Hamiltonian constraint for
the (well-known) loop quantized flat FRW model [9, 12, 16, 17]. As extensively discussed in
Refs. [16, 30], with the chosen ordering, states which possess positive v and λθ do not get
mixed under the action of both Ωˆ and Θˆθ with states for which those quantum numbers are
negative. Moreover, states with vanishing v and/or λθ get totally decoupled. This allows
us to remove the latter from the kinematical Hilbert space and, furthermore, to restrict
then all considerations e.g. to the subspace spanned by states |v, λθ〉 with v, λθ ∈ R+. For
convenience, instead of working with λθ from now on, we will work with its natural logarithm
Λ ≡ log(λθ).
Finally, adopting a standard Schro¨dinger representation for the homogeneous massless
scalar field, pˆφ = −i~∂φ, the Hamiltonian constraint of the LRS Bianchi I model, given in
Eq. (2.1), is promoted to the symmetric quantum operator
CˆBI = −piG~
2
8
[
3Ωˆ2 + (ΩˆΘˆ + ΘˆΩˆ)
]
− ~
2∂2φ
2
≡ CˆFRW − piG~
2
8
(ΩˆΘˆ + ΘˆΩˆ). (2.9)
Here we have introduced the definition Θˆ ≡ Θˆθ− Ωˆ with the aim at writing the LRS Bianchi
I constraint as that of the flat FRW model coupled to a massless scalar, CˆFRW, plus a term
accounting for the anisotropies.
6Taking into account the action that CˆBI has on a generic state |v,Λ〉 ⊗ |φ〉, which can
be easily worked out from the action of the operators defined in Eqs. (2.4) and (2.5), the
geometric sector of the kinematical Hilbert space (with definite sign of v and real Λ) can be
further superselected in separable subspaces. On the one hand, as it happens to be the case
in the FRW model, CˆBI preserves the subspace of states whose quantum number v belongs
to any of the semilattices of step four
L+ε = {ε+ 4k; k ∈ N}, ε ∈ (0, 4], (2.10)
each of them characterized by the minimum value allowed for v, namely, the label ε. On
the other hand, concerning the anisotropy variable Λ, and as discussed in Ref. [30], we get
that the iterative action of the constraint operator relates any given state |v,Λ⋆〉 only with
states whose quantum number Λ is of the form Λ = Λ⋆ + ωε, with ωε belonging to the set
Wε =
{
z log
(
ε− 2
ε
)
+
∑
m,n∈N
kmn log
(
ε+ 2m
ε+ 2n
)
; kmn ∈ N, z ∈ Z if ε > 2, z = 0 if ε ≤ 2
}
.
(2.11)
This set is countable and dense in the real line [30]. We will denote by Sε ⊗ SεΛ⋆ ⊗ Sφ the
domain of definition of CˆBI, with Sε ≡ span{|v〉; v ∈ L+ε }, SεΛ⋆ ≡ span{|Λ⋆+ωε〉; ωε ∈ Wε},
and Sφ the Schwartz space of rapidly decreasing functions of φ. In turn, we denote the
corresponding Hilbert space as Hε ⊗ HεΛ⋆ ⊗ Hφ, where Hε and HεΛ⋆ are respectively the
completion of Sε and SεΛ⋆ with respect to the discrete inner product, and Hφ = L2(R, dφ).
B. Fock quantization of the inhomogeneous sector
For the totally deparametrized T 3 Gowdy model, it has been shown that there exits a
privileged Fock representation for the gravitational and matter fields [32–35]. This Fock
representation is the unique one (up to unitary equivalence) admitting a unitary implemen-
tation of the dynamics and whose corresponding vacuum is invariant under S1 translations
(i.e., rotations in θ), which is the gauge group of the reduced system. The Fock quantization
picked out in this way is characterized by a specific choice of configuration variables ξ for
the gravitational field and ϕ for the matter field, choice that in particular involves a time
dependent rescaling of the minimally coupled matter scalar field in terms of the homoge-
neous variables of the Bianchi I sector (ϕ = Φ|pθ|1/2). Besides, the selection of canonical
momenta for ξ and ϕ is also completely specified by the criteria of unitarity of the dynamics
and symmetry invariance that determine the Fock quantization. The two fields ξ and ϕ have
the same dynamical behavior and a similar description, since they contribute to the system
in the very same way (they have an identical equation of motion, namely, that of a free
scalar field with time-dependent mass evolving in a 1+1 Minkowski spacetime). The Fock
representation can be constructed by considering as creation and annihilation-like variables
those that one would naturally introduce if ξ and ϕ were massless free fields (with canonical
momenta coinciding with their times derivatives).
Based on this uniqueness result, we adopt the commented field parametrization ξ and ϕ of
Ref. [33] for the gravitational and matter inhomogeneities (i.e., the non-zero modes) of our
model, and describe them in terms of the creation and annihilation-like variables mentioned
above. By adhering to this Fock quantization we will ensure that, in those regimes where
the deparametrized description is valid, the corresponding quantum evolution of the fields
7is unitary and the gauge symmetry is respected. Thus, we promote our variables to creation
and annihilation operators (aˆ
(α)†
m , aˆ
(α)
m ), with m ∈ Z−{0} and α = ξ, ϕ. We call Fξ⊗Fϕ the
associated Fock space [36]. These operators are densely defined in the space of n-particle
states Nξ⊗Nϕ ≡ span{|nξ, nϕ〉}, with nα = {· · · , nα−m, · · · , nα−1, nα1 , · · · , nαm, · · · }, and where
nαm ∈ N is the occupation number in the mode m of the field α.
With this representation at hand, we can now promote the momentum constraint (gen-
erating rotations in θ) to an operator. It reads
Cˆθ =
∑
α∈ξ,ϕ
∑
m∈N+
m
(
aˆ(α)†m aˆ
(α)
m − aˆ(α)†−m aˆ(α)−m
)
. (2.12)
It only acts on the inhomogeneous sector, imposing a mild restriction on the allowed occupa-
tion numbers of the n-particle states |nξ, nϕ〉 (the sum of the occupation numbers multiplied
by their respective mode numbers must be zero).
C. Hamiltonian constraint of the quantum hybrid Gowdy model
With both sectors of the model already represented, we can now promote the Hamiltonian
constraint of our Gowdy model to a symmetric operator. The result is [29, 31]
CˆG = CˆFRW − piG~
2
8
(ΩˆΘˆ + ΘˆΩˆ) +
2piG~2
β
ê2ΛHˆ0 +
piG~2β
4
ê−2ΛDˆΩˆ2DˆHˆI. (2.13)
Here β ≡ [G~/(16pi2γ2∆)]1/3. The last two terms couple the homogeneous background with
the inhomogeneities, and contain respectively the free contribution of the non-zero modes
Hˆ0 =
∑
α∈ξ,ϕ
∑
m∈Z−{0}
|m| aˆ(α)†m aˆ(α)m , (2.14)
a self-interaction term for these inhomogeneities
HˆI =
∑
α∈ξ,ϕ
∑
m∈Z−{0}
1
2|m|
(
2aˆ(α)†m aˆ
(α)
m + aˆ
(α)†
m aˆ
(α)†
−m + aˆ
(α)
m aˆ
(α)
−m
)
, (2.15)
and a term coming from a regularization of the inverse of the volume [29]:
Dˆ|v〉 = D(v)|v〉, D(v) ≡ v
(√
v + 1−
√
|v − 1|
)2
. (2.16)
For large values of v, the function D(v) approaches the unit, whereas it vanishes in the
limit where v tends to zero. In the construction of the free and self-interaction terms for
the inhomogeneities, we have adopted normal ordering with respect to the vacuum of the
selected representation (namely, the one which would be natural in the massless case)2.
2 We note that other choices of ordering corresponding to other physically interesting vacua, in the unitary
equivalence class picked out by the criteria of invariance and unitary dynamics, would lead to similar
results. For instance, one might adopt normal ordering with respect to some adiabatic vacuum state. The
corresponding representation is in the unitary equivalence class that we are considering, as can be proven
by arguments likes those discussed in Ref. [37]. Moreover, it is possible to see that, in the Gowdy model,
the difference in zero point energy for this alternate choice would be finite.
8Our constraint operator is well defined in the Hilbert space Hε ⊗HεΛ⋆ ⊗Hφ ⊗ Fξ ⊗ Fϕ,
with dense domain given by the subspace Sε ⊗ SεΛ⋆ ⊗ Sφ ⊗ Nξ ⊗ Nϕ. We see that, if we
ignore the inhomogeneities and the anisotropies, the Hamiltonian constraint of the Gowdy
model reduces to that of the flat FRW coupled to a homogeneous massless scalar field,
CˆFRW. We will focus our attention on a regime where the effects of the anisotropies and the
interactions between the inhomogeneities can be disregarded, so that then the Gowdy model
can be viewed, in the commented sense, as a flat FRW background with gravitational and
matter “perturbations” coupled between them only by the addition of their free-field energy
contribution to the Hamiltonian constraint [as well as by the constraint (2.12) of vanishing
total field momentum].
III. APPROXIMATING THE QUANTUM HAMILTONIAN CONSTRAINT
The quantum Hamiltonian constraint CˆG is excessively complicated to find its solutions,
(Ψ|Cˆ†G = 0 (here, the dagger denotes the adjoint). Even assuming that CˆG is essentially self-
adjoint, its intricate expression prevents us from determining the form of the (generalized)
states in its kernel. This obstruction is due mainly to three facts. First, regarding the
operators that affect the gravitational part of the homogeneous sector, we have that Dˆ and
Ωˆ2 do not commute, and hence cannot be diagonalized simultaneously, complicating the
resolution in the variable v. Besides, and more importantly, Ωˆ2 and ΩˆΘˆ+ΘˆΩˆ, defined on Sε⊗
SεΛ⋆ , do not commute either. This extends the problems for solving the constraint, as far as
the homogeneous sector is involved, to the whole of the geometry degrees of freedom. Finally,
while the operator Hˆ0 acts diagonally on the n-particle states, the operator HˆI creates and
annihilates a pair of particles in every mode, and therefore creates an infinite number of them
(nonetheless, let us emphasize that it is well defined in Nξ ⊗Nϕ [29]). These complications
call for the introduction of approximations in order to solve the Hamiltonian constraint,
both for the Gowdy model and for the particular case in which the inhomogeneities are
unplugged.
For the regime of negligible effects of the anisotropies and of the inhomogeneities in-
teractions that we are interested in, it is convenient to diagonalize the operator acting on
the homogeneous and isotropic sector, and use a basis of its eigenstates for our discussion,
namely, a basis of the operator
CˆFRW = −3piG~
2
8
Ωˆ2 − ~
2∂2φ
2
. (3.1)
A. Spectral analysis of CˆFRW
As it is well known, the operator −~2∂2φ in Sφ is essentially self-adjoint, and has an abso-
lutely continuous, doubly-degenerate, and positive spectrum. Its delta-normalized (general-
ized) eigenstates with eigenvalue p2φ are the plane waves |e±pφ〉, with wavefunction
epφ(φ) ≡ 〈φ|epφ〉 =
1√
2pi~
e
i
~
pφφ, 〈ep′
φ
|epφ〉 = δ(pφ′ − pφ). (3.2)
They provide a resolution of the identity in Hφ given by IHφ =
∫∞
−∞
dpφ|epφ〉〈epφ|.
9On the other hand, the operator Ωˆ2 has been analyzed in detail in the LQC literature (see
e.g. Refs. [3, 14, 16]). It is essentially self-adjoint with domain in Sε, and has an absolutely
continuous, non-degenerate, and positive spectrum. In each of the superselection sectors
corresponding to the semilattices L+ε , its delta-normalized eigenstates with eigenvalue ρ2,
|eερ〉 =
∑
v∈L+ε
eερ(v)|v〉, are defined via the recurrence relations
eερ(ε+ 4) =
2ε2 − ρ2
(ε+ 2)
√
ε(ε+ 4)
eερ(ε),
eερ(v + 4) =
2v2 − ρ2
(v + 2)
√
v(v + 4)
eερ(v)−
(v − 2)√v(v − 4)
(v + 2)
√
v(v + 4)
eερ(v − 4), if v = ε+ 4n > 4,
(3.3)
such that 〈eερ′ |eερ〉 = δ(ρ′ − ρ). Note that the eigenfunction eερ(v) is then real, up to a
constant phase, determined by eερ(ε). These generalized eigenstates provide a resolution of
the identity in Hε, given by IHε =
∫∞
0
dρ|eερ〉〈eερ|.
We have computed these eigenfunctions numerically. They have the following properties:
• eερ(v) is exponentially suppressed for v . vmin(ρ) ≡ ρ/2 (see left graph in Fig. 1).
• For v ≫ vmin(ρ), these eigenfunctions converge to a linear combination of two eigen-
functions of the operator analog to Ωˆ2 in the Wheeler-de Witt (WDW) quantization
[16]. This WDW limit is given by the function
eερ(v) ≃ eερ(v) ≡
√
2
piv
cos
(ρ
4
log(v) + φερ
)
, φερ = −
piε
4
+Rε(ρ) + T (ρ), (3.4)
with limρ→∞Rε(ρ) = 0 and T (ρ) a function of ρ independent of ε [17, 38]. This
oscillating behavior can be seen very clearly in the example shown in Fig. 1.
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FIG. 1. Function
√
veερ(v) for ε = 1 and ρ = 200. The graph on the left shows the exponential
suppression for small values of v, whereas the graph on the right displays the oscillatory behavior
at large v. A logarithmic scale is used in the horizontal axis of both graphs.
When studying the solutions of the Hamiltonian constraint of the Gowdy model, we will
expand the homogeneous and isotropic part of our states |Ψ〉 in the basis provided by the
10
generalized eigenstates of the FRW constraint operator, |eερ〉⊗|epφ〉, so that at least the action
of CˆFRW becomes diagonal, and we can easily find out the relation between the analyzed
(approximate) solutions for the Gowdy cosmologies and those of the FRW model. Still,
the Hamiltonian constraint, given in Eq. (2.13), presents non-diagonal contributions acting
non-trivially on this homogeneous and isotropic sector: the term involving the operator Dˆ,
and the anisotropy term ΩˆΘˆ + ΘˆΩˆ. In the following, we explain how to approximate these
terms by much more manageable operators.
B. Approximation 1: Dealing with the inverse volume corrections
The behavior of the eigenfunctions eερ(v) allows us to deal with the first complication that
we have mentioned, concerning the fact that Ωˆ2 and Dˆ do not commute. Indeed, for ρ/8
much larger than the unit, let’s say ρ≫ 10, we have
DˆΩˆ2Dˆ|eερ〉 ≃ ρ2|eερ〉 = Ωˆ2|eερ〉. (3.5)
This result was expected since D(v) ≃ 1 for v ≫ 1, and the eigenfunctions of the grav-
itational part of the FRW constraint operator are exponentially negligible for v < ρ/2.
We have checked this approximation by comparing the matrix elements 〈eερ′|DˆΩˆ2Dˆ|eερ〉 and
〈eερ′ |Ωˆ2|eερ〉. This comparison has been performed:
i) analytically, by approximating eερ(v) by its WDW limit e
ε
ρ(v) for v > ρ/2 and by zero
for v ≤ ρ/2, and estimating then the discrete sums in v by means of integral expressions,
making the replacement ∑
(ρM/2)<v∈L
+
ε
−→ 1
4
∫ ∞
ρM/2
dv , (3.6)
where ρM is the largest of ρ and ρ
′;
ii) numerically, by computing the two considered types of matrix elements, namely, those
of the operators DˆΩˆ2Dˆ and Ωˆ2. The difference between these two matrix elements, relative
to the eigenvalue ρ2, is displayed in Fig. 2 for ρ ranging between 10 and 1000. The graph
on the left shows the diagonal matrix elements, whereas the graph on the right corresponds
to the non-diagonal ones with fixed ρ′ = 200.
It is worth mentioning that the numerical computation of these diagonal matrix elements
separately would diverge if all the infinite number of contributions in the sum over the
variable v ∈ L+ε were included. This would happen for instance for 〈eερ|Ωˆ2|eερ〉. Nonetheless,
numerically, the difference between the matrix elements of the two operators remains finite
even in this limit in which the cumulative sum is extended to infinite large values of v.
Hence, for eigenstates |eερ〉 with ρ ≫ 10, the contributions of the Dˆ operators in the
interaction term of the Hamiltonian constraint (2.13) can be disregarded.
C. Approximation 2: Dealing with the anisotropy terms
The anisotropy term ΩˆΘˆ + ΘˆΩˆ is more difficult to handle. To start with, it does not
factorize in two operators acting on Hε and HεΛ⋆ separately, but acts on Hε ⊗ HεΛ⋆ as a
whole. On the other hand, the action upon the anisotropy label Λ is quite complicated,
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FIG. 2. Difference between the matrix elements of the operators DˆΩˆ2Dˆ and Ωˆ2. The graph on
the left shows the difference between the diagonal matrix elements, relative to the eigenvalue ρ2,
whereas the graph on the right shows the difference between non-diagonal matrix elements with
ρ′ = 200. Sums are truncated at v = 4800001.
something that makes a spectral analysis of the operator unviable in practice. To overcome
these problems we will approximate the operator ΩˆΘˆ + ΘˆΩˆ by another operator 2Ωˆ′Θˆ′ such
that: i) it factorizes, namely Ωˆ′ is well defined in Hε (with domain of definition Sε) and Θˆ′
is well defined in HεΛ⋆ (with domain of definition SεΛ⋆); and ii) Θˆ′ produces a constant shift
in the anisotropy label, so that its domain can be further restricted in the superselection
sector just to states with support in a lattice of constant step.
Let us summarize our approach to get that approximation. First of all, we consider the
action of ΩˆΘˆ + ΘˆΩˆ on states |eερ〉 ⊗ |f(Λ)〉, with |f(Λ)〉 =
∑
ωε∈Wε
f(Λ⋆ + ωε)|Λ⋆ + ωε〉. We
restrict our study exclusively to states for which f(Λ) can be extended to a smooth function
in the real line that, for variations in Λ smaller than a certain scale qε (possibly depending
on the considered superselection sector HεΛ⋆), satisfies:
f(Λ + Λ0) ≃ f(Λ) + Λ0∂Λf(Λ). (3.7)
Thus, for Λ0 ≤ qε, our approximation disregards higher-order terms in ∂Λ in a possible
Taylor expansion. Let us notice that, since contributions with v < ρ/2 are exponentially
suppressed in |eερ〉, the shift that Θˆ produces in Λ (with a non-negligible contribution) is
never greater than log (1 + 4/ρ) for the states that we are studying. Therefore, if we are
considering states that only have relevant FRW contributions with ρ ≥ ρ⋆, we expect our
approximation to be valid for anisotropy wavefunctions that are smooth and do not change
much at scales qε ≥ log (1 + 4/ρ⋆). Then, under these conditions, we get that ΩˆΘˆ + ΘˆΩˆ can
be approximated by the operator −8iΩˆ′∂Λ, with
Ωˆ′|v〉 = i
8
[
log
(
1 +
4
v
)
y++(v)|v + 4〉+ log
(
1− 4
v
)
y−−(v)|v − 4〉
]
, (3.8)
and
y±±(v) = y±(v)y±(v ± 2), y±(v) = 1 + sign(v ± 2)
2
√
v(v ± 2). (3.9)
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The operator Ωˆ′ is well defined in any of the superselection sectors Hε.
The details of the derivation of this approximation are as follows. As it can be easily
deduced from the definitions (2.7) and (2.8), the action of the operators Ωˆ and Θˆ is
Ωˆ|v〉 = i [y−(v)|v − 2〉 − y+(v)|v + 2〉] , (3.10)
Θˆ|v〉 ⊗ |Λ〉 = i[y−(v)|v − 2〉 ⊗ (|Λ+ dv(−2)〉 − |Λ〉)− y+(v)|v + 2〉 ⊗ (|Λ + dv(2)〉 − |Λ〉)],
(3.11)
with
dv(n) ≡ log
(
1 +
n
v
)
. (3.12)
Therefore, the action of the anisotropy term ΩˆΘˆ + ΘˆΩˆ reads
(ΩˆΘˆ + ΘˆΩˆ)|v,Λ〉 =
= −y−−(v)|v − 4〉 ⊗ (|Λ+ dv(−4)− dv(−2)〉 − 2|Λ〉+ |Λ+ dv(−2)〉)
+ y+−(v)|v〉 ⊗ (|Λ− dv(−2)〉 − 2|Λ〉+ |Λ+ dv(−2)〉)
+ y−+(v)|v〉 ⊗ (|Λ− dv(2)〉 − 2|Λ〉+ |Λ + dv(2)〉)
− y++(v)|v + 4〉 ⊗ (|Λ+ dv(4)− dv(2)〉 − 2|Λ〉+ |Λ + dv(2)〉) , (3.13)
with y±±(v) as defined above and
y∓±(v) = y±(v)y∓(v ± 2). (3.14)
Acting on states |v, f(Λ)〉 with |f(Λ)〉 of the form that we have explained, and projecting
on the anisotropy variable, we get
〈Λ|(ΩˆΘˆ + ΘˆΩˆ)|v, f(Λ)〉 =
= −y−−(v)|v − 4〉 [f(Λ− dv(−4) + dv(−2))− 2f(Λ) + f(Λ− dv(−2))]
+ y+−(v)|v〉 [f(Λ + dv(−2))− 2f(Λ) + f(Λ− dv(−2))]
+ y−+(v)|v〉 [f(Λ + dv(2))− 2f(Λ) + f(Λ− dv(2))]
− y++(v)|v + 4〉 [f(Λ− dv(4) + dv(2))− 2f(Λ) + f(Λ− dv(2))] . (3.15)
For states for which f(Λ) can be extended to a sufficiently smooth function in the real
line such that the approximation (3.7) is good for variations Λ0 smaller than the scale qǫ,
we obtain
〈Λ|(ΩˆΘˆ + ΘˆΩˆ)|v, f(Λ)〉 ≃ [dv(−4)y−−(v)|v − 4〉+ dv(4)y++(v)|v + 4〉]∂Λf(Λ). (3.16)
From this, we then see that the operator ΩˆΘˆ + ΘˆΩˆ acting on the considered states |v, f(Λ)〉
can be approximated by the operator −8iΩˆ′∂Λ, as we wanted to proof.
At this stage, we can still improve our approximation in two different aspects. First,
when taking the approximation (3.7), we have ignored the discrete nature of the geometry,
extending the wavefunction f(Λ) to the real line, instead of treating it as a function of the
anisotropy label defined in the superselection sector Λ−Λ⋆ ∈ Wε. Now we will restore that
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discreteness to capture the essence of the loop quantization in the anisotropies. With this
aim, we approximate the first derivative −4i∂Λ by a discrete derivative at the scale qε
Θˆ′|Λ⋆〉 ≡ i 2
qε
(|Λ⋆ + qε〉 − |Λ⋆ − qε〉) . (3.17)
Note that qε must be a point in the set Wε in order to preserve the original superselection
sector. If, according to our previous discussion, we only consider non-negligible gravitational
FRW contributions in the sector ρ ≥ ρ⋆, it suffices to adopt a scaleWε ∋ qε ≥ log (1 + 4/ρ⋆).
The shift qε must be small enough for the approximation to apply on sufficiently general
anisotropy wavefunctions, allowing us to disregard contributions coming from higher-order
difference terms (i.e., higher-order derivatives in the continuum). Thus, the closest qε is to
log (1 + 4/ρ⋆), the better is our approximation. Later on, when constructing approximate
solutions to the Gowdy Hamiltonian constraint, we will comment further on the choice of
this parameter.
The discrete derivative Θˆ′ is well defined in SqεΛ⋆ = span{|Λ〉; Λ ∈ LqεΛ⋆} ⊂ SεΛ⋆ , where
LqεΛ⋆ = {Λ⋆ + nqε; n ∈ Z} is a lattice of constant step. The closure of SqεΛ⋆ in the discrete
norm will be called HqεΛ⋆ ⊂ HεΛ⋆ .
The second aspect in which we can improve our approximation, at least for practical
purposes, concerns the operator Ωˆ′. Recall that the contribution of the region v < ρ/2 is
exponentially suppressed in the FRW eigenfunctions. Therefore, for ρ≫ 10, we can restrict
all considerations to the sector v ≫ 1. In this sector, one can approximate log(1±4/v)(v±2)
by ±4 and, consequently, functions of v appearing in the definition (3.8) can be approximated
so that Ωˆ′ becomes
ˆ˜Ω =
√
|vˆ|
2
[
ŝign(v)ŝin(2b) + ŝin(2b)ŝign(v)
]√ |vˆ|
2
, (3.18)
which is completely analogous to the geometry operator Ωˆ, introduced in Eq. (2.7), except
for the replacement of the canonically conjugate variables (v, b) by the new pair (v/2, 2b).
In particular, this analogy shows immediately that ˆ˜Ω, with the domain Sε, is a well-defined
operator in Hε, and that it is essentially self-adjoint, with an absolutely continuous, non-
degenerate spectrum that coincides with the real line.
To check our approximation, we have computed numerically matrix elements of the type
〈Λ′| ⊗ 〈eερ′ |(ΩˆΘˆ + ΘˆΩˆ)
∑
Λ f(Λ)|eερ〉 ⊗ |Λ〉 and 〈Λ′| ⊗ 〈eερ′ |2 ˆ˜ΩΘˆ′
∑
Λ f(Λ)|eερ〉 ⊗ |Λ〉 for smooth
wavefunctions f(Λ), namely, Gaussian profiles of the form
f(Λ) =
1√
2piσ2Λ
exp
[
−
(
Λ− Λ¯)2
2σ2Λ
]
. (3.19)
The comparison demonstrates that in fact the approximation ΩˆΘˆ + ΘˆΩˆ ≃ 2 ˆ˜ΩΘˆ′ is fairly
good for this kind of wavefunctions, provided condition (3.7) is satisfied. In Fig. 3 we show
the difference between these two types of matrix elements . More specifically, we show the
results obtained for Λ′ = 0.1 with Gaussian profiles peaked at Λ¯ = 0. In the graph on the
left the diagonal elements are displayed with ρ ranging between 1000 and 100000, and three
different values of the Gaussian profile width: σΛ = 0.5, 1.0, and 2.5. The graph on the
right shows the cumulative sums (truncated at different values of v) of the non-diagonal
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FIG. 3. Matrix elements of the difference between the two considered anisotropy terms, namely,
〈Λ′| ⊗ 〈eερ′ |
[
2ˆ˜ΩΘˆ′ − (ΩˆΘˆ + ΘˆΩˆ)
]∑
Λ f(Λ)|eερ〉 ⊗ |Λ〉 ≡ k(ρ′, ρ,Λ′, f), with Λ′ = 0.1 and Gaussian
profiles centered at Λ¯ = 0.0. The graph on the left shows diagonal matrix elements for three
different values of the Gaussian profile width: σΛ = 0.5 (blue dots), σΛ = 1.0 (green crosses), and
σΛ = 2.5 (red x-shaped crosses). The corresponding sums have been truncated at v = 1200001.
The graph on the right displays the cumulative sums (truncated at different values of v) for non-
diagonal matrix elements with ρ′ = 1000 and σΛ = 1.0.
elements for a Gaussian profile width σΛ = 1.0, with ρ
′ = 1000 and six different values of ρ,
equispaced in the interval [1000, 1025]. For these numerical computations, we have chosen
qε = log(1 + 2/vρ⋆) ∈ Wε with ρ⋆ = 1000, where vρ⋆ = max{v; v ∈ L+ε , v < ρ⋆/2}.
The diagonal (i.e., ρ′ = ρ) matrix elements of the difference between the exact and the
approximate operator prove to be finite and (almost) independent of the value of ρ when
ρ≫ 10. Furthermore, they do not depend on the chosen value of qε, but only on the studied
profile, and more precisely on the value of the derivatives of order higher than one at the
considered point Λ′ (mainly on the second derivative). One can check that these finite values
decrease to zero when those derivatives are negligible, i.e., when condition (3.7) is satisfied.
On the other hand, when increasing the value of v at the truncation, the cumulative sums for
the non-diagonal matrix elements of the difference of operators get an oscillatory behavior
around a finite value, smaller than the one obtained for the corresponding diagonal matrix
element. The amplitude of these oscillations is generically small and depends on the value
of qε and the considered anisotropy profile, being negligible when so are q
n−1
ε ∂
nf(Λ′)/n! (for
all n ≥ 2) compared with ∂f(Λ′).
The discussed approximation for the anisotropy term, in particular, allows us to obtain
a manageable form for the Hamiltonian constraint of the Bianchi I model, which can now
be rewritten in the approximate form:
CˆBI ≃ CˆFRW − piG~
2
4
ˆ˜ΩΘˆ′. (3.20)
This must be a good approximation for states in the “high-energy” sector of the FRW-
geometry—where the only relevant contributions correspond to ρ ≫ 10—and whose
anisotropy profile is smooth enough so as that the dominant contribution to its varia-
tion up to the scale qε is proportional to its increment at that scale. Notice that, in each
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eigenspace of the operator Θˆ′, the eigenvalue equation of the approximate constraint ob-
tained for Bianchi I reduces to a difference equation in one dimension, coordinatized by
v ∈ L+ε . In this sense, solving that difference equation amounts to solving the constraint for
the Bianchi I model in our approximation.
D. Approximation 3: Dealing with the interaction and the approximate anisotropy
terms
The approximate anisotropy term 2ˆ˜ΩΘˆ′ introduces a new complication in the resolution
of our constraint, because ˆ˜Ω does not have a diagonal action on the eigenstates of Ωˆ2, and
Θˆ′ does not commute with ê±2Λ. This is no fundamental obstruction in the absence of
inhomogeneities, as we have commented above. However, when non-zero modes are present,
we cannot reduce the eigenvalue problem associated with the constraint to a manageable
one-dimensional problem. Nonetheless, let us recall that we are interested in regimes with
small anisotropy effects. For this, we focus our discussion on physical states for which the
expectation value of Θˆ′ is small, and can be disregarded. On the other hand, we can adopt a
similar strategy to deal with the interaction term of the constraint. Since it comes multiplied
by ê−2Λ, we can choose our profiles in Λ in such a way that the expectation value of ê−2Λ is
also negligible, and can be ignored in comparison with the rest of contributions that arise in
the constraint equation. Besides we assume that, for our states, non-diagonal terms can be
disregarded in Θˆ′ and ê−2Λ. This must be the case for sufficiently peaked Gaussian profiles
(in Λ and the anisotropy momentum represented by Θˆ′), on which we will concentrate our
attention from now on.
It is worth emphasizing that the reason why the anisotropy term in the Hamiltonian
constraint is small for this class of states is because they are peaked around a vanishing ex-
pectation value of Θˆ′, that is, they are peaked on the sector of small values of the momentum
of the anisotropy variable Λ. However, this does not imply by any means that those states
are peaked around trajectories describing isotropic geometries. On the contrary, isotropic
trajectories would be classically characterized by the relation 3Λ = log(v/2), as we explained
in Subsec. IIA. The states with Gaussian profiles that we are considering are rather peaked
around a constant value of Λ, totally independent of the value of v. Even so, they provide
an anisotropy contribution to the constraint that is negligible. Moreover, as we have com-
mented, we focus on the case where the constant peak value of Λ is very large, so as to be
able to disregard as well the term that goes with ê−2Λ.
To seek for states with the desired properties, let us first carry out the spectral analysis
of the operator Θˆ′. One can easily prove that Θˆ′ is (essentially) self-adjoint. Its spectrum is
absolutely continuous, bounded, doubly-degenerate, and equal to the interval [−4/qε, 4/qε].
Given an eigenvalue s, the corresponding eigenfunctions are
e(1)s (Λ) ≡ 〈Λ|e(1)s 〉 = N(s)ei
Λ
qε
x(s), e(2)s (Λ) ≡ 〈Λ|e(2)s 〉 = N(s)ei
Λ
qε
[π−x(s)], (3.21)
where
x(s) = arcsin
(
s
qε
4
)
, N(s) =
1√
2pi
4
√
q2ε
16− s2q2ε
. (3.22)
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These eigenfunctions provide a resolution of the identity in HqεΛ⋆ , given by
IHqε
Λ⋆
=
∫ 4/qε
−4/qε
ds
(|e(1)s 〉〈e(1)s |+ |e(2)s 〉〈e(2)s |) . (3.23)
In the rest of our discussion, we will consider states whose anisotropy part is given by
the Gaussian-like profile:
|ψΛ¯〉 =
∫ 4/qε
−4/qε
ds
√
qε
4σs
√
pi cos[x(s)]
e
−
x2(s)
2σ2s
−ix(s) Λ¯
qε |e(1)s 〉
≃
∑
Λ∈Lqε
Λ⋆
√
σs
4
√
pi
e
−
σ2s
2q2ǫ
(Λ−Λ¯)2 |Λ〉. (3.24)
The last approximation is valid as long as σs ≪ pi/2. These states are peaked around the
anisotropy value Λ¯ and around the momentum s = 0. A straightforward calculation shows
indeed that, on the one hand, 〈ψΛ¯|Θˆ′|ψΛ¯〉 = 0, as expected for Gaussian-like profiles peaked
around a vanishing anisotropy momentum. On the other hand,
〈ψΛ¯|ê−2nΛ|ψΛ¯〉 ≃ e−2nΛ¯+n
2 q
2
ǫ
σ2s , (3.25)
where n can be any integer. Therefore, if Λ¯ ≫ q2ε/σ2s , we have 〈ψΛ¯|ê−2Λ|ψΛ¯〉 ≪ 1, and
similarly for the dispersion:√
|〈ψΛ¯|ê−4Λ − (〈ψΛ¯|ê−2Λ|ψΛ¯〉)2|ψΛ¯〉| =
√
e
−4Λ¯+4
q2ǫ
σ2s
(
1− e−2
q2ǫ
σ2s
)
≪ 1. (3.26)
In conclusion, by considering states of the form given above, with a small value of the
Gaussian width σs and a sufficiently large value of the anisotropy peak Λ¯, the expectation
values (with respect to the anisotropy dependence) of both the anisotropy term and the
interaction term in the Hamiltonian constraint are negligible (assuming a reasonable content
of inhomogeneities). Hence, we can approximate the constraint by the solvable one
Cˆapp = CˆFRW +
2piG~2
β
ê2ΛHˆ0 = −3piG~
2
8
Ωˆ2 − ~
2∂2φ
2
+
2piG~2
β
ê2ΛHˆ0. (3.27)
IV. APPROXIMATE SOLUTIONS TO THE GOWDY MODEL
Let us now solve the constraint (Ψ|Cˆ†app = 0. We consider generalized states
(Ψ| =
∫ ∞
−∞
dφ
∑
v∈L+ε
∑
Λ∈Lqε
Λ⋆
∑
n
ξ,nϕ
Ψ(φ, v,Λ, nξ, nϕ)〈φ, v,Λ, nξ, nφ|, (4.1)
where
〈φ, v,Λ, nξ, nφ| = 〈φ| ⊗ 〈v| ⊗ 〈Λ| ⊗ 〈nξ, nφ|, (4.2)
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the bra denoting a state in the corresponding dual space. We can write
Ψ(φ, v,Λ, nξ, nϕ) =
∫ ∞
−∞
dpφ
∫ ∞
0
dρΨ(pφ, ρ,Λ, n
ξ, nϕ)eερ(v)epφ(φ). (4.3)
On these states the constraint (Ψ|Cˆ†app|φ, v,Λ, nξ, nφ〉 = 0 reads∫ ∞
−∞
dpφ
∫ ∞
0
dρΨ(pφ, ρ,Λ, n
ξ, nϕ)eερ(v)epφ(φ)
(
−3piG~
2
8
ρ2 +
p2φ
2
+
2piG~2
β
e2ΛH0(n
ξ, nϕ)
)
= 0,
(4.4)
where
H0(n
ξ, nϕ) ≡ 〈nξ, nϕ|Hˆ0|nξ, nϕ〉 =
∑
m∈Z−{0}
|m|(nξm + nϕm). (4.5)
Note that H0(n
ξ, nϕ) is always non-negative. Solving for ρ, the solutions of the constraint
are states with profiles (4.3) of the form
Ψ(φ, v,Λ, nξ, nϕ) =
∫ ∞
−∞
dpφΨ(pφ,Λ, n
ξ, nϕ)eερ(pφ,Λ,nξ,nϕ)(v)epφ(φ), (4.6)
where
ρ(pφ,Λ, n
ξ, nϕ) =
√
4
3piG~2
p2φ +
16
3β
e2ΛH0(nξ, nϕ). (4.7)
Let us emphasize that the term inside the square root is non-negative, so that the solution
for ρ is well defined.
It is now straightforward to construct approximate solutions to the Hamiltonian con-
straint of the Gowdy model. In order to do that, let us first restrict the solutions (Ψ| so that
their anisotropy dependence is given by the Gaussian wavefunctions studied in the previous
section:
Ψ(pφ,Λ, n
ξ, nϕ) = Ψ(pφ, n
ξ, nϕ)ψ(Λ), (4.8)
with [see Eq. (3.24)]
ψ(Λ) =
√
σs
4
√
pi
e
−
σ2s
2q2ǫ
(Λ−Λ¯)2
, σ2s ≪
pi
2
, Λ¯≫ q
2
ε
σ2s
. (4.9)
We also assume a sufficiently small content of inhomogeneities, in the sense that their inter-
action term can be ignored for the kind of anisotropy profiles under consideration. Besides,
since we want that all the introduced approximations are well justified, we need to restrict
to considerably large values of ρ in Eq. (4.7), ρ≫ 10. Taking into account the expression of
ρ(pφ,Λ, n
ξ, nϕ) and recalling that the contribution of H0 is non-negative, we can guarantee
that ρ≫ 10 by restricting to scalar field momenta such that p2φ ≫ 75piG~2 ≈ 200G~2.
Once we have dealt with the Hamiltonian constraint satisfactorily, we still have to impose
the diffeomorphisms constraint (2.12). This last constraint restricts the numbers of particles
so that ∑
m∈N+
m
(
nξm + n
ϕ
m − nξ−m − nϕ−m
)
= 0. (4.10)
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States in the sector p2φ ≫ 200G~2 with the anisotropy profiles (4.9) and a particle content
that satisfies the above condition must be approximate solutions for the Gowdy model
(provided that the particle interaction is not overwhelmingly large).
We conclude by suggesting a convenient choice for the parameter qε. In principle, there is
a big freedom in fixing this parameter. Nonetheless, instead of doing an arbitrary choice, we
are going to motivate the selection of a specific value for it employing physical arguments.
The motivation comes from the fact that the homogeneous scalar field momentum is a
constant of motion and provides a natural scale in the system (in each of its generalized
eigenspaces, where the approximation to the Hamiltonian constraint can be carried out
independently). We have already discussed that, if the gravitational FRW contribution is
only relevant in a sector ρ ≥ ρ⋆, the optimal choice of qε would be the smallest element inWε
larger than log (1 + 4/ρ⋆). As we have just seen, the momentum pφ provides in fact a lower
bound on ρ, via Eq. (4.7). Hence, it seems natural to make the choice qε = log (1 + 2/v
⋆)
where v⋆ is the point in the semilattice L+ε smaller but closest to the lower bound on ρ/2,
namely,
v⋆ = max
{
v ∈ L+ε such that v <
|pφ|√
3piG~2
}
. (4.11)
Note that, for large values of the homogeneous scalar field momentum, the parameter qε
selected in this way is really small.
V. CONCLUSIONS
We have studied approximation methods in the context of LQC in order to construct phys-
ical solutions of inhomogeneous and anisotropic systems. We have applied those methods
to the hybrid quantization of the T 3 Gowdy model with linear polarization and a minimally
coupled massless scalar field, with the same symmetries as the spacetime metric. This model
can be regarded as an FRW background with anisotropies and (matter and gravitational)
inhomogeneities propagating on it, inasmuch as the Hamiltonian constraint of the system is
given by the Hamiltonian constraint of the FRW model coupled to a homogeneous massless
scalar, an anisotropy term (which, together with the FRW contribution, gives the Hamilto-
nian constraint of the Bianchi I model), and two inhomogeneous terms (one gives the free
energy of the inhomogeneities and the other is an interaction term). The last three terms
are all coupled to the (homogeneous and isotropic) FRW background.
One of the main complications when trying to solve the Gowdy Hamiltonian constraint
is the presence of the anisotropy term. On the one hand, it does not commute with the
FRW Hamiltonian constraint. On the other hand, its action on the anisotropy variable
is quite complicated, in practice making unviable its spectral analysis. We have shown
how to approximate this operator by a tensor product of two operators, one that only acts
in the volume variable v and another operator that only acts in the anisotropy label Λ.
The latter is a simple discrete derivative which retains the discrete effects coming from the
loop quantization of the anisotropies, but with a simpler domain of definition and action
than those of the original anisotropy operator. As a consequence, the original anisotropy
superselection sector splits in subspaces corresponding to states with support on equi-spaced
lattices. The spectrum of the new discrete derivative operator in each of these subspaces
can be characterized completely. With this characterization, and using our approximation
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for the anisotropy term, we obtain a Hamiltonian constraint for the Bianchi I model whose
resolution reduces to a one-dimensional problem. In turn, we are also able to find states
whose profiles in Λ are sufficiently peaked, both in the anisotropy and in its momentum—
given by the introduced discrete derivative—, as to allow us to disregard in the Hamiltonian
constraint not only this anisotropy term but also the contribution of the interaction term of
the inhomogeneities. By considering such profiles in Λ, we obtain approximate solutions to
the Gowdy model corresponding to states with a small quantum effect of the anisotropies
and a reasonable content of inhomogeneities. The larger the momentum of the homogeneous
massless scalar (which is a constant of motion), the better these solutions must approximate
those of the Gowdy model. We leave for future research the analysis of the time evolution
of the approximate solutions obtained in this work.
This is not the first time that a model which behaves quantum mechanically as FRW
plus inhomogeneities is analyzed in the context of LQC. Actually, the hybrid quantization
employed here has also been applied in the quantization of FRW models with cosmological
perturbations [39–41]. We hope that the approximation methods developed in this work
can serve as well to find approximate solutions in even more realistic models, like those
describing inflationary scenarios.
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